Abstract. We give a short proof that every supersingular K3 surface in odd characteristic has an automorphism of Salem degree 22. The proof relies on the case σ = 1 and the cone theorem.
Introduction
A Salem number is a real algebraic integer λ > 1 which is conjugate to 1/λ and all whose other conjugates lie on the unit circle. We call its minimal polynomial a Salem polynomial. If X is a projective K3 surface over an algebraically closed field k and f: X → X an automorphism, then the characteristic polynomial χ(f * |H 2 et (X, Q l )) (l = char k) factors as a product of cyclotomic polynomials and at most one Salem polynomial [4] . We call the degree of the Salem factor s(x) the Salem degree of f . It is well known that ker s(f * |H 2 et (X, Q l )) is contained in the Néron-Severi group NS(X) ⊗ Q l of X. In particular we can bound the Salem degree of an automorphism by the Picard number ρ(X), which is at most h 1,1 (X) = 20 in characteristic 0. However in positive characteristic ρ(X) = 22 is possible. These are the so called supersingular K3 surfaces. This observation leads to the interesting feature that an automorphism of Salem degree 22 is not geometrically liftable to characteristic zero (see [3] for details). The existence of such automorphisms in any characteristic is established in the following The proof for p > 3 involves genus one fibrations. We take a different point of view and rely instead on the σ = 1 case and the Cone Theorem 2.1. In characteristic 2 the cone theorem is proved provided that σ(Y ) < 10. Hence we get an extension of the above theorem to this case as well.
The proof
Theorem 2.1 (Cone Theorem). [6, Thm. 6.1] Let X be a K3 surface over an algebraically closed field of characteristic p > 3. Let Γ(X) ⊆ O(NS(X)) be the subgroup preserving the nef cone. Then the natural map Aut(X) → Γ(X) has finite kernel and cokernel.
Over C this is well known. Then for K3 surfaces of finite height in arbitrary characteristic the proof works through lifting to characteristic zero. For supersingular K3 surfaces it uses the crystalline Torelli Theorem, which is proved for p > 3 or p = 2 and σ < 10 or p = 3 and σ < 6 (see [7] and the end of [8] ). Since any power of a Salem number of degree d remains a Salem number of this degree, passing to a finite index subgroup does not change the maximal occurring Salem degree of a matrix group. Combining this with the Cone Theorem, we get that the maximum occurring Salem degree of an automorphism of X depends only on Γ(X). Now Γ(X) depends up to conjugation by an element of the Weyl group only on the isometry class of NS(X). In particular the maximal Salem degree of an automorphism of X depends only on NS(X). Proof. Since the ranks coincide, the index n = [L : N ] is finite and
Any isometry of L preserves nL hence we get a map
Set K = ker ϕ, which is a finite index subgroup of G. To see that
Theorem 2.3. Let X, Y be two K3 surfaces over an algebraically closed field k, char k > 3. Suppose that ρ(X) = ρ(Y ) and there is an isometric embedding
Then sdeg(X) ≤ sdeg(Y ) where sdeg(X) = max{Salem degree of f |f ∈ Aut(X)}.
Proof. Denote by Nef(X) and Nef(Y ) the nef cones of X and Y . Any chamber of the positive cone of NS(X) is contained in the image of a unique chamber of the positive cone of NS(Y ). Since the Weyl group acts transitively on the chambers, we can find an element r ∈ W (NS(X)) of the Weyl group such that Nef(X) ⊂ ι The converse inequality in Theorem 2.3 is false in general. This was pointed out to me by K. Oguiso and X. Yu.
